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The value of the variable depends upon n, but in any case it is bounded between 0 and 1. Thus, for large n, the exponent /12n will be very close to 0, making the factor e /12n very close to 1. Consequently, Stirling s formula is often expressed in this simpler approximate form: n n n! 2n -e The factorial numbers grow exponentially: n! = (2n). This fact follows from Stirling s formula. Another important consequence of Stirling s formula is that lg(n!) is asymptotically equivalent to n lgn: lg(n!) = (n lgn). FIBONACCI NUMBERS The Fibonacci numbers also frequently appear in the analysis of algorithms. They are defined by:
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		and k , the selectivity factor, is Q, Clearly, the discrimination factor does not depend on the sampling period T,. In addition, with w, = Q,T, and w, = Q,T,, it follows that k = - w,,l T, - w,, -to,,
APPENDIX]
which does not depend on the sampling period. Therefore, the required filter order is independent of T,. Next, if we expand the system function of the Butterworth filter in a partial fraction expansion. we have
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		where Because w, = R, T , is the 3-dB cutoff frequency of the low-pass filter in the discrete-time domain, it is fixed by the tilter specifications. Therefore, the poles of H ( : ) will not be affected by the sampling period T,. For example, if we try to decrease T, to reduce aliasing, this would require an increase in Q, to preserve the cutoff frequency. Thus, 11 follows that the design is not affected by T,.
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		b Let m = x and n = x  Then by definition, m x < m + 1 and n   1 < x n Then x   1 < m and n < x + 1 Thus x   1 < m x n < x + 1 c The inequalities x   1 < x x x < x + 1 merely summarize those in b above d Let n Z such that n x < n + 1, and let A = {m Z | m x} Then n A and x = maxA, so n x  Now if n < x , then n + 1 x (since both n and x are integers) But n + 1 x , by hypothesis Therefore, n = x  The proof of the second part is analogous e Assume that x Z (ie, x is an integer).
Use the impulse invariance method to design a low-pass digital Butterworth filter to meet the following specifications:
0 1 1 2 3 5 8 13 21 34 55 89 144
In the absence of aliasing, the impulse invariance method is a linear mapping from H,(jR) to H(eJW) Iwl 5 n, for which is given by 5 H(eJ") = ~ . ( . i R ) l ~ , ~ ~ , 1 4 x Therefore, in order to simplify the design, we will assume that there is no aliasing and then, after the design is completed. check to see that the filter satisfies the given specification:;. Because the parameter T, does not enter into the design using the impulse invariance method (see Prob. 9.38), for convenience we will set T, = 1 . The first step, then, is to design an analog Butterworth filter according to the following specifications:
Then let n = x in d above: x x < x + 1 so x = x , and x   1 < x x so x = x  f Assume that x Z (ie, x is not an integer) Let u = x   x and v = x   x Then, by c, u 0 and v 0 Also by c, x   1 < x = x   u and v + x = x < x + 1, so u < 1 and v < 1 Thus 0 u < 1 and 0 v < 1 But u and v cannot be integers because if either were, then so would x because x = x + u = x   v Therefore, 0 < u < 1 and 0 < v < 1, so x = x + u > x and x = x   v < x  g.
To determine the filter order. we compute the discrimination factor,
The first 13 Fibonacci numbers are shown in Table A.3. Like the factorial sequence, the Fibonacci sequence grows exponentially, as is verified by De Moivre s formula:
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